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We study the superradiant stability of the system of a Kerr black hole and a massive scalar
perturbation. It was proved previously that this system is superradiantly stable when µ ≥ √2mΩH ,
where µ is the proper mass of the scalar, m is the azimuthal number of the scalar mode, and
ΩH is the angular velocity of the Kerr black hole horizon. Our study is a complementary work
of this result. We analytically prove that in the complementary parameter region µ <
√
2mΩH ,
when the parameters of scalar perturbation and Kerr black hole satisfy two simple inequalities,
ω < µ√
2
,
r−
r+
< 0.802, the system is also superradiantly stable.
I. INTRODUCTION
Black holes are important and peculiar objects predicted by general relativity. Aspects of black hole physics have
been studied extensively. One interesting phenomenon is the superradiant scattering of black holes[1–5], e.g., when a
charged bosonic wave is impinging upon a charged rotating black hole, the wave is amplified by the black hole if the
wave frequency ω obeys
ω < mΩH + eΦ, (1)
where e and m are the charge and azimuthal number of the bosonic wave mode, ΩH is the angular velocity of black
hole horizon and Φ is the electromagnetic potential of the black hole horizon. This amplification is the superradiant
scattering, which was studied long time ago [6–12], and has broad applications in various areas of physics(for a recent
review, see[4]). Through the superradiant process, the rotational energy or electromagnetic energy of a black hole
can be extracted. Due to the existence of superradiant modes, a black hole bomb mechanism was proposed by Press
and Teukolsky[13]. If there is a mirror between the black hole horizon and space infinity, the amplified wave can be
scattered back and forth and grows exponentially, which leads to the superradiant instability of the background black
hole geometry [14–16]. Superradiant (in)stability of various kinds of black holes have been studied extensively in the
literature.
For charged Reissner-Nordstrom(RN) black holes, it has been proved that they are superradiantly stable against
charged massive scalar perturbation[17–20]. The reason is that when the superradiant modes exist in such a system
of a RN black hole with a charged massive scalar wave, there is no effective trapping potential/mirror outside the
black hole horizon, which reflects the superradiant modes back and forth [18, 19]. After introducing a mirror-like
mechanism, RN black hole will become superradiantly unstable. When a mirror or a cavity is imposed outside a
charged RN black hole horizon, this black hole is superradiantly unstable in certain parameter spaces [15, 16, 21–
23]. Charged black holes in curved backgrounds, such as anti-de Sitter/de Sitter(AdS/dS) space, are proved to be
superradiantly unstable because these backgrounds provide natural mirror-like boundary conditions[24–28]. There is
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2a similar case for stringy RN black holes. The stringy RN black hole is shown to be superradiantly stable against
charged massive scalar perturbation[29]. But if a mirror is introduced, superradiant modes are supported and the
stringy RN black hole becomes superradiantly unstable [30–32]. It is also found that extra coupling between the scalar
field and the gravity can result in superradiant instability of RN/RN-AdS black holes [33, 34].
For rotating Kerr black holes, if the incoming scalar perturbation has a nonzero mass, this mass term will act as a
natural mirror and lead to superradiant instability of Kerr black holes when the parameters of the Kerr black holes
and the scalar fields are in certain parameter spaces[35–43]. Beyond the massive scalar perturbations, superradiant
instability of Kerr black holes that are impinged upon by a massive vector field is also discussed [44, 45]. The
superradiant instability of rotating black holes in curved space, such as Kerr-AdS black holes, has also been reported
[46–52].
Although there has been so much study on superradiance of rotating black holes, even Kerr black hole is not
investigated thoroughly. In [39], the author proved that a Kerr black hole is superradiantly stable under massive
scalar perturbation when
µ ≥
√
2mΩH , (2)
where µ and m are the mass and azimuthal number of the incident scalar wave and ΩH is the angular velocity of the
Kerr black hole horizon. In a following work [42], a stronger bound on the stability regime of the Kerr-black-hole-
massive-scalar system was derived.
In order for a complete discussion of the superradiant stability of Kerr-black-hole-massive-scalar system, it is
interesting to investigate the superradiance property of the system in the complementary parameter spaces of the
previous result in [39]. Explicitly, in the present paper, we will find the parameter regions of a Kerr black hole and a
massive scalar perturbation system with µ <
√
2mΩH , where the system is superradiantly stable. The scattering of
massive scalar field in a Kerr black hole background can be described by a Schrodinger-like radial equation with an
effective potential. In order for the instability of the system, there are two key conditions should be satisfied. One
is that the parameters of the black hole and the scalar field should satisfy superradiance condition, i.e., there exist
superradiance modes. The second one is that there is mirror-like condition outside the horizon of the black hole. In
our case, if there is a potential well outside the black hole horizon, it will act as a reflecting mirror and may lead
to instability of the system. So when there is no potential well outside the black hole horizon for the superradiance
modes, the Kerr-black-hole-massive-scalar system will be superradiantly stable.
The paper is organized as follows. In Section 2, we provide a simple introduction of the Kerr-black-hole-massive-
scalar system and the angular part of the equation of motion. In Section 3, we derive the Schrodinger-like radial
equation and the effective potential for the scalar perturbation in Kerr background. This effective potential is the
main object as mentioned above. In Section 4, we derive the superradiantly stable parameter regions for the system
based on the effective potential. Finally, we give a summary and discussion in Section 5.
II. KERR BLACK HOLE AND A MASSIVE SCALAR PERTURBATION
Kerr black hole describes a stationary and axially symmetric spacetime geometry. The metric of the 4-dimensional
Kerr black hole in Boyer-Lindquist coordinates is [53–55](we take G = ~ = c = 1)
ds2 =
∆
ρ2
(dt− asin2θdφ)2 + ρ
2
∆
dr2 + ρ2dθ2 +
sin2θ
ρ2
[adt− (r2 + a2)dφ]2, (3)
where
∆ = r2 − 2Mr + a2, ρ2 = r2 + a2cos2θ. (4)
M is the mass of the black hole and a is the angular momentum per unit mass of the black hole. The inner and outer
horizons of the Kerr black hole are
r± = M ±
√
M2 − a2, (5)
3and it is obvious that
r+ + r− = 2M, r+r− = a2. (6)
The angular velocity of the Kerr black hole horizon is
ΩH =
a
r2+ + a
2
. (7)
The dynamics of a massive scalar field perturbation Ψ with proper mass µ in the Kerr black hole background is
described by the covariant Klein-Gordon equation
(∇ν∇ν − µ2)Ψ = 0. (8)
This equation of motion has been studied for a long time. The solution of this equation with definite frequency can
be decomposed as [10, 56–60]
Ψ(t, r, θ, φ) =
∑
l,m
Rlm(r)Slm(θ)e
imφe−iωt, (9)
where l is the spherical harmonic index, m is the azimuthal harmonic index with −l ≤ m ≤ l and ω is the angular
frequency of the scalar mode. Slm(θ) is the scalar spheroidal harmonics satisfying the angular equation of motion
1
sin θ
d
dθ
(sin θ
dSlm
dθ
) + [λlm + a
2(µ2 − ω2)sin2θ − m
2
sin2θ
]Slm = 0, (10)
where λlm is an angular eigenvalue[64]. When a
2(µ2 − ω2) > 0, the eigenfunction Slm is called prolate; when
a2(µ2 − ω2) < 0, the eigenfunction Slm is called oblate.
Although the angular equation (10) has been studied for a long time, an explicitly analytic expression of the general
eigenvalue λlm is still lacking [59]. In various limit cases, we know asymptotic analytic expressions for the eigenvalues.
When |a2(µ2−ω2)|  1, the leading order of the angular eigenvalue for both prolate and oblate cases is l(l+ 1). This
is obvious since the angular equation is approaching to Legendre equation in this case. When |a2(µ2 − ω2)|  1, the
asymptotic behaviors of prolate and oblate eigenvalues are remarkably different. The asymptotic eigenvalues for the
prolate and oblate cases are respectively,
λlm ∼ −a2(µ2 − ω2); λlm ∼ 2qlma
√
µ2 − ω2, (11)
where qlm is some numerical constant [59]. In our discussion, the prolate case is important. According to the reference
[59], one key result about the prolate angular eigenvalue is
λlm > l(l + 1)− a2(µ2 − ω2), (12)
which is an important bound for our following discussion.
III. THE RADIAL EQUATION OF MOTION AND EFFECTIVE POTENTIAL
The radial equation of (8) obeyed by Rlm(r) is given by
∆
d
dr
(∆
dRlm
dr
) + URlm = 0, (13)
where
U = [ω(r2 + a2)−ma]2 + ∆[2maω − µ2(r2 + a2)− λlm]. (14)
In order to study the superradiant modes of black holes to the massive perturbation, the asymptotic solutions of the
radial equation near the horizon and infinity are considered under appropriate boundary conditions. Defining the
4tortoise coordinate r∗ by equation dr∗dr =
r2+a2
∆ and a new radial function R˜lm =
√
r2 + a2Rlm, the above radial wave
equation can be rewritten as
d2R˜lm
dr2∗
+ U˜ R˜lm = 0. (15)
The asymptotic behaviors of U˜ at r∗ → ±∞ are as follows:
U˜ → (ω −mΩH)2, r∗ → −∞(r → r+); (16)
U˜ → ω2 − µ2, r∗ → +∞(r → +∞). (17)
The physical boundary conditions that we are interested in are ingoing wave at the horizon(r∗ → −∞ )and bound
states (exponentially decaying modes) at spatial infinity(r∗ → +∞). Then the asymptotic solutions of the radial wave
equation are the following
r → +∞(r∗ → +∞), R˜lm ∼ e−
√
µ2−ω2r∗ , (18)
r → r+(r∗ → −∞), R˜lm ∼ e−i(ω−mΩH)r∗ . (19)
It is easy to see that in order to get the decaying modes we need following condition
ω2 < µ2. (20)
In order to analyse the superradiant stability of the Kerr black hole, we define a new radial wavefunction ϕ = ∆1/2R.
The radial equation (13) is transformed into a Schrodinger-like wave equation with effective potential V1,
d2ϕ
dr2
+ (ω2 − V1)ϕ = 0, V1 = ω2 − U +M
2 − a2
∆2
. (21)
In order to see if there exist a trapping potential outside the horizon, we should analyze the shape of the effective
potential V1. From the following asymptotic behaviors of the potential V1:
V1(r →∞)→ µ2 − 4Mω
2 − 2Mµ2
r
+O(
1
r2
), (22)
V1(r → r+)→ −∞, V1(r → r−)→ −∞, (23)
V1
′
(r →∞)→ 4Mω
2 − 2Mµ2
r2
+O(
1
r3
). (24)
So when
ω2 <
µ2
2
, (25)
then
V1
′
(r →∞) < 0. (26)
This means that there is no potential wells when r → ∞ and the black hole may be superradiantly stable, so (25)
is one important basic inequality. In the next section, we will find the regions of the parameter space where there is
only one extreme outside the event horizon r+ for effective potential V1, no trapping well exists, which is separated
from the horizon by a potential barrier, and the Kerr black holes are superradiantly stable.
5IV. THE SUPERRADIANT STABILITY ANALYSIS
In this section, we will determine the regions of the parameter space where the system of Kerr black hole and
massive scalar is superradiantly stable. We define a new variable z, z = r − r−. Then the explicit expression of the
derivative of the effective potential V1 is
V
′
1 (r) = V1
′
(z) =
Ar4 +Br3 + Cr2 +Dr + E
−∆3 =
A1z
4 +B1z
3 + C1z
2 +D1z + E1
−∆3 ; (27)
A1 = A;B1 = B + 4r−A1;C1 = C + (3r−)B1 + (6r2−)A1; (28)
D1 = D + (4r
3
−)A1 + (3r
2
−)B1 + (2r−)C1; (29)
E1 = E + r
4
−A1 + r
3
−B1 + r
2
−C1 + r−D1; (30)
A1 = 2M(µ
2 − 2ω2), (31)
B1 = −16Mr−ω2 − µ2r2+ + 2λlm + 3µ2r2− + 2a2µ2, (32)
C1 = −24Mr2−ω2 + 6ωam(r− + r+)− 3(r+ − r−)
(
a2µ2 + r2−µ
2 + λlm
)
, (33)
D1 = −16Mr3−ω2 + 4aMm(5r− − r+)ω + (r+ − r−)2(µ2r2− + λlm − 1) + a2(µ2(r+ − r−)2 − 4m2), (34)
E1 = 4M(a
4 − r4−)ω2 + 8Mma(r2− − a2)ω + 2(r+ − r−)
(
M2 +m2a2 − a2) . (35)
We denote the numerator of the derivative of the effective potential V1 by f(z), which is a quartic polynomial in
z. Whether there is a trapping well outside the horizon can be analyzed through the property of roots of equation
f(z) = 0. The four roots for equation f(z) = 0 are z1, z2, z3 and z4. According to Vieta theorem, we have the
following relations,
z1z2z3z4 =
E1
A1
, (36)
z1z2z3 + z1z2z4 + z1z3z4 + z2z3z4 = −D1
A1
, (37)
z1z2 + z1z3 + z1z4 + z2z3 + z2z4 + z3z4 =
C1
A1
, (38)
z1 + z2 + z3 + z4 = −B1
A1
. (39)
Based on the asymptotic behaviors of the effective potential at the inner and outer horizons and infinity (22)(23),
one can deduce that equation V ′1(z) = 0(or f(z) = 0) has at least two positive real roots when z > 0. These two
positive roots are denoted by z1, z2, namely
z1 > 0, z2 > 0. (40)
In the following, we will find a parameter region of the system where there are only two positive roots for the equation
V ′1(z) = 0, i.e., z3, z4 are both negative. Then there is no trapping potential well acting as a mirror outside the horizon
of the Kerr black hole. The system is superradiantly stable in this region.
Under the condition (25), A1 > 0. Taking E1 as a quadratic function of ω, one can show that E1 > 0 without
subtlety. E1 can be written as follows,
E1(ω) = 4M(a
4 − r4−)ω2 + 8Mma(r2− − a2)ω + 2(r+ − r−)
(
M2 +m2a2 − a2) . (41)
6The discriminant of E1 can be calculated directly as following,
∆E1 = −4r2−(r+ − r−)4(r+ + r−)2, (42)
which is obviously negative, ∆E1 < 0 . The coefficient of ω
2 in E1 is obviously larger than 0. One can conclude that
E1 > 0 for any ω. Then according to (36), we have
z1z2z3z4 > 0. (43)
As we mentioned above, z1 and z2 have been denoted as two positive roots of the derivative of the effective potential.
From the above equation, we find that z3 and z4 can only be both positive or both negative, if they are real roots.
Next we turn to focus on the following equation in detail,
z1 + z2 + z3 + z4 = −B1
A1
. (44)
Because A1 > 0, we want to identify a parameter region where B1 > 0, then the roots z3, z4 are both negative. Using
the condition of the eigenvalue of our angular equation given in (12), we have
B1 > −(6r+r− + 8r2−)ω2 + 2l(l + 1) + µ2(3r2− − r2+). (45)
Now we define a quadratic function with respect to ω as follows:
g(ω) = −(6r+r− + 8r2−)ω2 + 2l(l + 1) + µ2(3r2− − r2+). (46)
Identifying a parameter region where B1 > 0 is transformed into identifying the parameter region where g(ω) > 0.
We will do this in the following.
As mentioned in the introduction, we focus on discussing Kerr black holes and massive scalar perturbation system
in the regime µ <
√
2mΩH , i.e., µ
2 < 2m
2a2
(r2+a2)2 . It is easy to see that if g(ω) > 0 is true for some real ω, the following
inequality should be satisfied first,
2l(l + 1) + µ2(3r2− − r2+) > 0. (47)
Using the conditions l(l + 1) > m2 and µ2 < 2m
2a2
(r2+a2)2 , we have
2l(l + 1)− µ2r2+ + 3µ2r2− > 2m2 − µ2r2+ + 3µ2r2− > µ2r2+
( (r2+ + a2)2
r−r3+
− 1
)
+ 3µ2r2−. (48)
It is worth to pointing out that
(r2+ + a
2)2
r−r3+
= (1 +
r−
r+
)(1 +
r+
r−
) > 1. (49)
So we conclude that the following inequality
2l(l + 1)− µ2r2+ + 3µ2r2− > 0, (50)
could be always satisfied in our Kerr black hole and massive scalar perturbation system.
From our discussion above we have known that there must exist two real roots for g(ω) with respect to ω. Taking
ω0 as the positive real root of g(ω), then we have
ω20 =
2l(l + 1) + µ2(3r2− − r2+)
8r2− + 6r−r+
. (51)
When 0 < ω < ω0, one can obtain g(ω) > 0. Remember that in our system the parameters of massive scalar
perturbation satisfy (25). So we will have g(ω) > 0, if ω20 >
µ2
2 , i.e.,
2l(l + 1) + µ2(3r2− − r2+)
8r2− + 6r−r+
− µ
2
2
> 0. (52)
7Considering the relations µ <
√
2mΩH and l(l + 1) > m
2, the above inequality can be transformed into
1 + λ− 2λ2 − λ3 > 0, (53)
where λ = r−r+ ∈ (0, 1], which is only related to the parameters of the Kerr black hole.
There exist three real roots in the cubic equation 1 + λ− 2λ2 − λ3 = 0 and here we list them as
λ1 =
1
3
(
− 2 + 2
√
7 cos
θ
3
)
,
λ2 =
1
3
(
− 2−
√
7
(
cos
θ
3
+
√
3 sin
θ
3
))
,
λ3 =
1
3
(
− 2−
√
7
(
cos
θ
3
−
√
3 sin
θ
3
))
, (54)
where θ = arccos(− 1
2
√
7
). Note that λ1 ≈ 0.802 > 0, λ2 = −0.555 < 0, λ3 = −2.247 < 0. One could plot the curve
for the cubic function 1 + λ − 2λ2 − λ3 with respect to λ, see Fig.(1), from which one can see 1 + λ − 2λ2 − λ3 > 0
when λ ∈ (0, λ1).
-3 -2 -1 1 2 λ
-6
-4
-2
2
4
6
-λ3 - 2 λ2 + λ + 1
FIG. 1: Here we plot the curve of 1 + λ− 2λ2 − λ3 in the regime λ ∈ [−3, 3/2]. Actually we just need to focus on the
interval 0 < λ < 1. From this curve one can obviously see that 1 + λ− 2λ2 − λ3 > 0 when λ ∈ (0, λ1).
So we prove that when the parameters of the Kerr black hole satisfy the following inequality,
0 <
r−
r+
<
1
3
(
− 2 + 2
√
7 cos
θ
3
)
, θ = arccos(− 1
2
√
7
), (55)
we have B1 > g(ω) > 0. Then there is no trapping potential well for the effective potential of the radial equation of
motion and the Kerr black hole and scalar perturbation system is superradiantly stable.
V. CONCLUSION
In the present paper, we investigate the superradiant stability of a system with a Kerr black hole and massive scalar
perturbation. Our discussion is focusing on models where the mass scalar perturbation is smaller than an upper
bound related with the angular velocity of the Kerr black hole horizon, i.e., µ <
√
2mΩH , and is a complementary
study of previous work.
The equation of motion of the scalar perturbation in the Kerr black hole background is separated into angular and
radial parts. In our discussion, the spheroidal angular equation is prolate and we choose a general bound for the
eigenvalue of this equation. The radial equation can be transformed into a Schrodinger-like equation and the effective
potential is important for the stability analysis. We find that when the parameters of scalar perturbation satisfy
ω < µ√
2
and the parameters of Kerr black hole satisfy r−r+ < 0.802, there is no potential well outside the black hole
horizon acting as a mirror and the system is superradiantly stable.
8Our study in this paper treats the Kerr black hole as a background geometry and only considers the dynamics of
the free scalar perturbation. In order to get a more refined result of the superradiant behavior of the Kerr black hole
and scalar perturbation system, one further step is to study the coupled nonlinear equations of motion of the scalar
perturbation and black hole. Recently, such nonlinear evolution of superradiant process has been studied in several
models [22, 25, 44, 61, 62], and has found some exciting applications in astrophysical physics. Another interesting
extension is to study a model with nonlinear self-interacting scalar perturbation. It is pointed out that when we
take self-interaction into account for the scalar perturbation, superradiant behavior of the system will be different
and non-linear scalar hairs will exist[63]. It will be interesting to investigate the detailed superradiant behavior of a
system consisting of a Kerr black hole and a scalar field with self-interaction.
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